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For neutral atom qubits, the residual thermal motion of the cold atoms constitutes a major
challenge that limits the accessible two-qubit gate fidelity. Recently, an interesting type of two-qubit
controlled-PHASE quantum gate protocol has been introduced for neutral atom qubit platform,
which relies upon off-resonant modulated driving and Rydberg blockade effect. Building upon this
progress, we have further developed an upgrade in the form of dual-pulse off-resonant modulated
driving. Besides the inherent advantages of avoiding shelving population in Rydberg levels, not
necessarily requiring individual site addressing, not sensitive to the exact value of blockade shift
while suppressing population leakage error and rotation error, the major new feature of this protocol
is Doppler-insensitive. In principle, the gate fidelity remains reasonably high over a relatively
significant velocity range of the qubit atoms. Moreover, we anticipate that this protocol will inspire
future improvements in quantum gate protocols for other types of qubit platforms, and its strategies
may find applications in the area of quantum optimal control.
Cold neutral atoms in optical traps have long been
deemed as an ideal choice of qubit platform, where Ryd-
berg blockade [1–5] serves as the backbone for two-qubit
controlled-PHASE gate. Research effort in this area is
not only important for quantum logic processing [6–8],
but also crucial for quantum simulation [9] and quantum
metrology [10, 11]. Recently, rapid progress has been
made over a wide range of experimental topics in this
area, including the increment of number of qubits in ar-
ray format [12], the enhancement of cat state size [13],
and the improvement of quantum gate performance [14].
The results so far clearly demonstrate the promising po-
tential of neutral atom qubit and pave the way for its
further development [7, 8, 15–29]. Amid many pressing
tasks [19, 30–34], an imminent next step for this platform
is to enhance the two-qubit gate fidelity towards the goal
of Noisy Intermediate-Scale Quantum technology (NISQ)
under realistic experimental conditions.
Although intense attention and interest has been at-
tracted [4, 35–42], currently the two-qubit controlled-
PHASE gate fidelity is still below 99% in experimental
demonstrations, which poses a challenge for neutral atom
qubit platform. Obstacles towards a higher fidelity can
basically be divided into two categories: technical distur-
bances and intrinsic limitations. Technical disturbances
include phase noise and amplitude fluctuations of laser
pulses, errors in qubit state preparation and detection,
atoms’ relative positions within laser spatial profile and
so on. Intrinsic limitations basically include spontaneous
emissions from Rydberg levels, finite Rydberg blockade
shift and residual thermal motion of the atoms. While
technical disturbances call for further refinement in ex-
perimental and engineering techniques, experimental and
theoretical progress over the last a few years has already
paved the way for dealing with population leakage caused
by Rydberg levels’ decays and rotation error caused by fi-
nite Rydberg blockade shift. Therefore, the glaring issue
of intrinsic limitations for now has become suppressing
adverse effects caused by the residual thermal motion.
In other words, a fast and robust two-qubit gate pro-
tocol with the purpose of remaining at reasonably high
fidelity across a wide velocity range is in need.
Lately, a new category of efficient, robust and high-
fidelity two-qubit controlled-PHASE gate protocols via
the process of off-resonant modulated driving has been
introduced [43]. It resorts to specially tailored wave-
forms to gain appropriate phase accumulations under the
presence of two-body dipole-dipole interaction. Besides
the novelty of completing gate operation within a sin-
gle sub-microsecond optical pulse, its features also in-
clude suppressing rotation error and avoiding shelved Ry-
dberg population. Theoretical investigations show that it
is more robust against Doppler induced dephasing com-
pared with the commonly used multi-pulse protocol such
as the pi-gap-pi pulse sequence. However, for applications
with high demand in fidelity, it sill puts a tight limit
on the atom temperature such that sophisticated cool-
ing mechanism towards motional ground state of optical
trap will be required. Then, under the framework of off-
resonant modulated driving, drastic changes are required
in order to find a protocol with much enhanced tolerance
for residual thermal motion of atomic qubits. This moti-
vates us to investigate further along this direction.
In this letter, we report our recent progress in theo-
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2FIG. 1. Schematics of the Rydberg blockade phase gate under
investigation. Top left: the relevant atomic states including
the Rydberg blockade between |r〉 and |r′〉, where the lasers
are driving |0〉 ↔ |r〉 on control atom and |0〉 ↔ |r′〉 on target
atom. Top right: under ideal blockade situation, the linkage
pattern for states participating the ground-Rydberg transi-
tions |01〉, |10〉 and |00〉. Morris-Shore transform is also rele-
vant in comprehending the linkage structures [44]. State |11〉
does not participate the prescribed interactions and stays un-
changed through the process. Rydberg states |r〉 and |r′〉 may
be the same or different, depending on the choice of Fo¨rster
resonance structure. Bottom: two types of the dual-pulse
driving configurations with atomic qubit array. Unlike previ-
ous proposals to appease Doppler-induced dephasing such as
Ref. [39], it does not pose requirement on polarizations.
retically designing and analyzing a two-qubit controlled-
PHASE gate protocol based upon Rydberg blockade for
neutral atom platform, which aims at a generic reduc-
tion of susceptibility to atomic qubits’ non-zero veloci-
ties. The enhancement in Doppler-insensitive properties
comes mainly from a self-cancellation mechanism for ad-
verse effects induced by finite velocities in our new design
of dual-pulse technique. In the mean time, its generic
characteristics also include avoiding shelving population
in Rydberg levels, not necessarily requiring individual
site addressing, not sensitive to the exact value of block-
ade shift and suppressing population leakage error and
rotation error.
A sketch for relevant ingredients of the atom-light in-
teraction is shown in Fig. 1. The qubit basis states of
the atoms may be represented by a pair of long-lived hy-
perfine ground clock states for typical alkali atoms, which
can be manipulated by external microwave field or optical
stimulated Raman transition [5, 7, 45]. Modulated laser
pulses will be applied to drive the ground-Rydberg transi-
tions of the control and target atoms. In particular, this
protocol employs two consecutive pulses to realize the
performance of controlled-PHASE gate. When combined
with a local Hadamard gate on the target qubit atom
(pi/2 rotation for transition |0〉 ↔ |1〉), this leads to the
universal controlled-NOT gate [1, 2, 4, 5]. If |r〉, |r′〉 are
the same, then individual site addressing is not manda-
tory and the experiment can be operated through one
global laser. For simplicity, throughout this article the
condition of symmetric driving will be presumed, namely
both the qubit atoms will receive the same Rabi fre-
quency and detuning in their effective ground-Rydberg
transition couplings.
Under these prescribed conditions, for |01〉 and |10〉,
the situation reduces to a two-level system of ground-
Rydberg transition with time-dependent Rabi frequency
Ωs(t) and a fixed detuning ∆. Meanwhile, the dynam-
ics of |00〉 involves the Rydberg dipole-dipole interaction
with linkage structure as |00〉 ↔ |R〉 ↔ |rr′〉 ↔ |pp′〉
where we define |R〉 = (|r0〉+ |0r′〉)/√2. The interaction
Hamiltonian is then:
HI/~ =
√
2
2 Ωs|R〉〈00|+
√
2
2 Ωs|rr′〉〈R|+ H.c.
+ ∆|R〉〈R|+ 2∆|rr′〉〈rr′|, (1)
where rotating wave approximation is already included.
For the Fo¨ster resonance structure of |rr′〉 ↔ |pp′〉, we set
the coupling strength as B and the small Fo¨rster energy
penalty term as δp for |pp′〉:
HF /~ = B|pp′〉〈rr′|+ H.c. + δp|pp′〉〈pp′|, (2)
such that the overall Hamiltonian is H = HI +HF .
Under the assumption of ideal Rydberg blockade where
double Rydberg excitation into |rr′〉 is forbidden, there
exist two categories of couplings: |10〉 ↔ |1r′〉, |01〉 ↔
|r1〉 with Rabi frequency Ωs and |00〉 ↔ |R〉 with Rabi
frequency
√
2Ωs, as can be seen in the linkage structure
of Fig. 1. For our case of dual-pulse gate operation, we
are interested in that the two pulses are identical and the
waveform receives only amplitude modulation, to avoid
the experimental complexities of hybrid modulation of
both amplitude and frequency. Constraints for an ap-
propriate waveform include: (1) the population returns
to ground state with unity probability after each pulse for
both categories of Ωs,
√
2Ωs; (2) the accumulated phases
satisfy the general controlled-PHASE gate condition af-
ter the entire interaction. More specifically, the phase
constraint after interacting with one modulated pulse is:
2φ11 = ±pi − 2φ00 + 2φ01 + 2φ10, (3)
which reduces to 2(φ01 + φ10 − φ00) = ±pi if φ11 = 0.
The essential point is to represent the continuous wave-
form via a set of discrete parameters. For this purpose,
Fourier series and Bernstein polynomials float as attrac-
tive candidates, and from mathematical point of view,
3FIG. 2. Numerical simulation of the time evolution. The
waveform is set according to Eq. (4), while B = 2pi × 500
MHz, δp = 2pi×−3 MHz. The first graph shows the waveform,
the second graph shows the population on different atomic
states, while the last graph shows the phase accumulation of
the atomic wave function during the process. This calculation
serves for ’pinned-down’ atoms with zero velocity.
either choice form a complete basis for non-pathological
functions defined on a finite time interval. Nevertheless, a
limited amount of terms in the expansion will be enough
for the practical computing demands of designing pulse
waveform. With the purpose of amplitude modulation,
we choose to proceed with Bernstein polynomials defined
on time interval [0, Tg]. For ease of experimental imple-
mentations, preferably the amplitude-modulated pulse
shall start and end at zero intensity. Let bν,n denote the
νth Bernstein basis polynomial of degree n, the abstract
form of the pursued pulse is described below:
Ωs(t) =
n−1∑
ν=1
βνbν,n(t/Tg), ∆(t) = ∆0 ≡ constant. (4)
Indeed, appropriate solutions can be obtained. Basi-
cally, first we sketch waveforms under the assumption
of perfect adiabatic evolution, and then carry out nu-
merical optimization procedures for refinement towards
desired high-fidelity [43, 46]. As a sample calculation, we
set n = 8 in Eq. (4) and intentionally seek a symmetric
waveform. For pulse time Tg set as 1 µs, we have reached
a set of satisfying parameters, β1 = β7 = 0.794, β2 =
β6 = 0, β3 = β5 = 5.841, β4 = 9.725,∆0 = −2.360; all
coefficient units are MHz. The result for interaction pro-
cess with one pulse is shown in Fig. 2. This corresponds
to single-photon uv transition for typical alkali atoms.
Interaction with two consecutive pulses as Fig. 2 will
make a controlled-PHASE gate. In principle, since popu-
lation returns to ground state, the gap time between two
pulses does not matter and no extra phase accumulation
will be induced. Although overall it requires two pulses,
there exists no demand on the directions where the pulse
come from. For example, two opposite choices may be
employed: co-propagating and counter-propagating as
drawn in Fig. 1. Effectively, atoms with different veloc-
ities see different detunings of the optical driving pulse
as a consequence of Doppler shift, and this is exactly
the cause of Doppler-dephasing problem in previously
known multi-pulse Rydberg blockade controlled-PHASE
gate protocols. In order to investigate such effects caused
by cold qubit atoms’ residual thermal motions, we com-
pute the gate performance under different atom velocities
and the result is shown in Fig. 3. The fidelity is calcu-
lated as F = (Tr(MM†) + |Tr(M)|2)/20 [41, 42], where
M = U†C-ZU with UC-Z, U being the transform matrices of
an ideal C-Z gate and our gate protocol after local phase
rotation respectively. Then the gate error is E = 1− F .
From Fig. 3, we observe that in the counter-
propagating configuration, the adverse influence caused
by residual thermal motion is significantly suppressed.
In the evaluation process, the atomic motion is treated
FIG. 3. Numerical simulation for gate error E with atomic
qubits of non-zero velocities, with dual-pulse optical driving
according to the waveform of Fig. 2. Spontaneous emission
of Rydberg states is neglected. (a) (b): counter-propagating
configuration, Doppler-insensitive; (c) (d): co-propagating
configuration, Doppler-sensitive.
4classically with finite prescribed velocities, which do not
change after interacting with the driving pulse since the
atom returns to ground state. For the ground-Rydberg
transition with |01〉 or |10〉, the situation is similar to the
case of two level atom driven by constant Rabi frequency
and detuning with comparable magnitudes. Namely, the
first order effect is a phase shift ∼ kvTg on the ground
state, with k being the wave vector of the driving laser.
Other adverse effects belong to the category of second
order corrections, such as residual population on the Ry-
dberg states. Therefore, after interacting with the sec-
ond pulse of an opposite wave vector −k, the first or-
der phase shift cancels out automatically. The case of
|00〉 is slightly more complicated since the atomic mo-
tions break the energy degeneracy. The first order ef-
fect of phase shift accumulated on the ground level con-
tains contributions from motions of both the control and
target qubit atoms. Nevertheless, the second counter-
propagating pulse is still effective in reducing the overall
error. Roughly speaking, the counter-propagating dual-
pulse driving technique invokes a self-cancellation mecha-
nism and suppresses the Doppler-induced adverse effects
to second order of ∼ kvTg and therefore we regard it as
Doppler-insensitive.
Next, we proceed to evaluate the performance of this
dual-pulse technique for typical alkali atoms such as Rb
and Cs. Without loss of generality, we assume that the
atoms obey 3D Maxwell-Boltzmann distribution and ap-
ply a Monte-Carlo approach to sample the velocity com-
ponent along the optical axis of driving lasers. The nu-
merical result is shown in Fig. 4 with respect to the
waveform of Fig. 2. We observe that the reduction of
fidelity is well controlled on the order of 10−4 with 1 µs
duration pulse for typical cold atom temperatures, sig-
nificantly higher above the recoil limit temperature.
For dynamics associated with |00〉, the singly-excited
Rydberg state |R〉 does not receive heavy population
throughout the interaction process. It draws a clear dif-
ference compared with on-resonance quantum Rabi os-
cillation, while sharing similarities with adiabatic rapid
passage. Moreover, the mechanism of adiabatically track-
ing the two-atom dark state mostly composing of |R〉
and |pp′〉 plays an important role here, where the smooth
waveform of amplitude modulation helps to suppress the
rotation error and keep a minimal population on |rr′〉.
Apparently, it does not require the exact knowledge of
Rydberg blockade shift strength. In other words, we an-
ticipate that major limitations on the attainable fidelity
mostly comes from spontaneous emissions, modulation
imperfections and technical noises. Therefore, provided
the Rydberg blockade shift is strong enough, we deduce
that in principle the Rydberg levels’ spontaneous emis-
sion is the dominating theoretical limiting factor towards
achieving high-fidelity. To estimate its influences, we
compute gate error as a function of the Rydberg decay
rates and the result is shown in Fig. 5.
FIG. 4. Numerical simulation for gate error E with respect to
different temperature settings, via Monte-Carlo approaches.
Spontaneous emission of Rydberg states is neglected. Fittings
to straight lines are included.
So far, we’ve been focusing on one-photon transition
for the ground-Rydberg coupling, typically driven by
uv laser. On the other hand, two-photon transition
with large one-photon detuning by two driving lasers of
longer wavelength has been a well established subject,
and our protocol is also compatible with such arrange-
ments. However, the situation becomes more compli-
cated due to various sources of extra ac Stark shifts and
decoherences [35, 41].
We think that this protocol is well compatible with
the currently available mainstream hardware of neutral
atom qubit platforms [7, 8], and we are looking forward
to experimental instantiation in near future. Under pa-
rameters from realistic experimental apparatus, this pro-
tocol may be designed for fast gate operation below 1
µs [46]. Carrying out entangling gate within smooth
and continuous shaped driving pulse has already become
a common practice in various qubit platforms [41, 47],
and we think the introduction of the concept of non-
trivial Doppler-insensitive mechanism into this area will
inspire further updates and improvements. We also an-
ticipate that our work will help the efforts in the ensem-
ble qubit approach [31, 48] and the Rydberg-mediated
atom-photon controlled-PHASE gate [24, 25, 27, 29].
In conclusion, we have designed and analyzed a new
category of two-qubit controlled-PHASE gate based upon
Rydberg blockade effects, with the underlying technique
of dual-pulse off-resonant modulated optical driving.
While avoiding shelving population on Rydberg states
in gap time, the essential feature is that the gate fidelity
becomes much more robust against the qubit atoms’ ther-
mal motion, as a result of the self-cancellation mecha-
nism for the Doppler-induced phase disturbance. The
gate fidelity is not sensitive to the exact value of block-
5FIG. 5. Numerical simulation for gate error E with respect
to different Rydberg decay rates via Monte-Carlo approaches,
with temperature set as 2 µK. For simplicity, the spontaneous
decay rates of all Rydberg states are taken as the same. Fit-
tings to straight lines are included.
ade shift and rotation error is suppressed, thanks to the
dark state driving mechanism. In theory, the major in-
trinsic error source comes from the spontaneous emis-
sion from Rydberg states. We not only demonstrate the
mechanisms of the protocol, but also discuss the princi-
ples behind the process of constructing appropriate in-
gredients for the protocol. Our aim with the Rydberg
blockade gate is that high-quality ground-Rydberg Rabi
coherence shall be directly translated into high-fidelity
controlled-PHASE gate, and future improvements will in-
clude efforts towards a faster gate operation, reduction
of the population leakage error, and a more user-friendly
parameter setting of the waveform.
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